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Particlein an infinite square well
Now let us introduce an interaction potential. The simplest, but still very
interesting, example is a particle confined between two hard walls. The
corresponding potentia is
Vix) = | 0 if xisintheinterval (0,a)

()= 1 1¥ otherwise
Brehm and Mullin put the potential between —a/2 and a&/2, but my choiceis
easer, and can be reduced to the B& M choice by a shift of —a/2 at the end of

the calculation.

-1’ dy (X)

Schroedinger’ s time-independent equation is — o +V (XY = (X) =By (%).

In the region of the infinite potential, the only way thls equation makes sense
Is for the wave function to vanish. In the region where the potentia is zero,
V(x) = 0, and we have (see free particle case) y . (x) = Asinkx+ Bcoskx where |

have used trig functions instead of the complex exponential because it makes
applying boundary conditions easier. To make the wave function
continuous, sety . (0) =0= Acos0+ Bsin0= A. At the boundary x = a we have
y (@) =0= Asinka+0. Clearly A cannot be zero or else the wave function is
zero everywhere. The only nontrivia solution then requires k, a=np where
n=1,2 3, ... Thesubscript on kisincluded to distinguish anong solutions

of different k. This analysisis very reminiscent of our calculation of
blackbody radiation. To simplify the notation, I'll set

Y o(X) =Y £ () = A sinkx= Ansin%.

| leave it to you to prove that for a properly normalized wave function, the
overal constant can betakenas A = g. The corresponding energy levels

nk, _nptn’

ae E, = :
m 2ma’

Y ou should plot the first few of these wave functions and draw an energy
level diagram for the corresponding states. Note in particular that each
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successive energy level has one more node. Thisisageneral result. The
solution complete with time dependence is, from our general theory,

¥ _ ¥ |
Y (% t) :é Cy n(X)e"E"”h :é Cn\/gsinme—lgtm .

n=1 n=1 a

We now have the full time dependence provided that we can determine C,.
Asin the free particle casg, if we know the wave function at t = 0, we should
be able to determine the wave function for all time. Thetrick (which we
will suitably generalize for all energy-level problems) isto set t = 0 (which
makes the exponentia factor equal 1) and then multiply both sides of the
equation by y ..(x) and integrate over the region (0, a). Theintegra on the
right sSide is easily evaluated. From the homework problem it follows that
the integral vanishes unless the integers n and n’ are equal. Combined with
the fact that the wave function is normalized we find that

a

d n'(X)y n (X) dx = dn'n

0

which is known as the orthonormality (orthogonal and normalized)
condition.
We now have

ad n'(X) Y (X’O) dX = g. Cn dn'n = Cn' .

0 n=1

Simply performing the integral determines C,, for dl n and hence thetime
dependence is now completely determined.

C, has an interesting physical interpretation, and | will discussit after
introducing one additional postulate.

The orthonormality relation seems like magic. Was it an accident of the
particular problem? No. The result was inevitable and is true for the energy
elgenstates of any system (provided that @) the Hamiltonian has no explicit
time dependence and b) the eilgenfunctions correspond to different energies).
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To prove this result and to provide some mathematics background for the
fina postulate of quantum mechanics, I’ [l must introduce a couple more
mathematical topics.

Scalar product of wave functions.
Onedimensiona case: Lety,(xt) andy ,(xt) beany two wave functions.
The scalar product of these functionsis defined by

¥
<y, ly.>= oy, (xty,(xt)dx. (Noticethe complex conjugate.)
-¥

Seethe PHY 301 tutoria OFFS, section 1.2 (Function spaces).

The scalar product isthe “overlap” of the two functions; the contribution to
the scalar product is zero in regions for which one or the other factors
vanishes. For athree-dimensiona system of many particles, take

X= (%, Yir 2, %, Y5, 2500+ 2 ) @NA dx = (dxdydzdx,...dz, ).

The scalar product has the following properties:

) <y.ly.>=<y,ly,>*

) Ify (x,t) =ay,(xt)+by ,(xt) then <f |y >=a<f |y, >+b<f |y, > where

f (x,t) 1sany wave function and a and b are any complex constants.

lii) For any wave function <f |f >3 0 and if <f |f >=0 then f (x,t) =0(where
| have assumed that the wave function is continuous).

If the scalar product of any two wave functionsis zero, the wave functions
are said to be orthogonal.

In some applications (for example a particle with only spin degrees of
freedom), the wave functions are N-component column vectors with
congtant coefficients. Ify andf aretwo such vectors, we define the scalar

N
product of these vectorsby <f |y >=fy =af.*y wheref andy, arethe
i=1
components of the vectors. This result should be familiar from standard
vector analysis. For example, for real vectors in three dimension, the

definition reduces to the familiar f % =fy  +fy  +fy,. (Thecomplex
conjugate are necessary when f andy are wave functions.)
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Exercise: show that all three of the properties hold with this definition of the
scalar product.

Notation. Let A be an operator andy , andy , be wave functions. Then
Ay , is also awave function (although probably it is not normalized). The
scalar product of y , and Ay, is obtained by multiplyingy ,* by Ay, and
integrating. In our standard notation it is expressed as <y , | Ay, >. Itis

customary to insert an additional bar “|” between to make the expression
look more symmetric: <y ,|Aly, >.

All about hermitian operators

The measurement of observables yields real numbers. The corresponding
operator must be chosen so that its eigenvalues are all real since these are the
possible values of a measurement of the observable. We will see that the
class of “hermitian” operatorsis exactly what we need. To motivate the
definition of hermitian operators, I’ Il begin by studying the properties of the
momentum operator.

Lety, andy , be any wave functions and take A= @:El be the
X

i
momentum operator. Then <y, | ply, >= ¢y, *_ﬁﬂ%l—ldx where the integral
| X
extends over all x. Integrating by parts and assuming that the wave function

vanishesat +¥ so that the integrated part vanishes, we get

A _\&hﬂyz*b — @ﬂyzo O*_ A *
< >= A — Yy dx = *o— =dx= =< >
y.lPly, & gt ?dl ST 2 y.lBly,

where | have used i* = .
Definition:
Any operator for which <y, |Aly, >=<y,|Aly,> fordl y, andy , issaid to

be “hermitian.”

If you think of 1 and 2 as subscripts of a matrix, the transpose of the matrix
givesits complex conjugate.
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~ A2 - - -
Exercise: show that the Hamiltonian H = ; +V(X) isahermitian operator
m

assuming that v(x) isred for dl red x. (You will need to integrate by parts
twice on the kinetic-energy term.)

Propertiesof Hermitian operators
Let A be an arbitrary hermitian operator.

a)lfy,=y,°y ,then <y |Aly >=<y |Aly >, S0 the expectation vaue of a
hermitian operator isred.

b) Let Ay,=ay, and Ay, =ay , define two eigenfunctions and the
corresponding eigenvalues of a hermitian operator A. Evaluate the scalar
product of the first equation with y , and the scalar product of the second

equation with y,. The resulting equations are
<y,|Aly,>=a<y,ly,> (equationa)
<Yl Aly ,>=8,<y,ly,>

Using the definition of hermitian and the first property of the scalar product,
the second of these equations becomes

<y, |Aly,> =a,<y,ly,>.

The complex conjugate of this equation is Ssmply

<y,|Aly, >=a, <y,ly,> (equation b)

There are two applications of equations“a’ and “b”. Firstsety, =y, (and
SO a, =a,). Then equation aimpliesthat <y, |Aly,>=a,<y,ly,> ad
equation b impliesthat <y ,|Aly ,>=3" <y, ly,>. Comparing theseimplies
that a isreal. The conclusion isthat the eigenvalues of any hermitian

operator arereal numbers. Thisisreason that al observables are
represented by hermitian operators.
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The second application usesy ,ty , and a * a,. Subtracting equations a and
b gives

0:(82- a1)<y2|yl>

Since a, t a, we can cancel thefirst factor and so it followsthat <y , |y, >=0.

Conclusion: Eigenfunctions of a her mitian operator corresponding to
different eigenvalues are orthogonal. The orthogonality of the energy
elgendtates of the particle arigid box smply had to turn out orthogonal. It
was no accident.

Now let’ s put the scalar product to further use. With postulate 4, we nearly
complete the foundations of quantum mechanics. (The last step will come
later when we take into account the Pauli exclusion principle.)

Postulate 4. A system isin state defined by the wave functiony,. The
probability that a measurement will find the system wave functiony , is

i<y .|y, > whereitisassumed that <y |y, >=<y ,ly, >=1.

The scalar product <y , |y, > is Sometimes known as the probability
amplitude for the trangition from state i to state f. As an example, return to
the problem of aparticlein arigid box. If theinitial state of the particleis
described by the wave function Y (xt) then the probability that a
measurement of the energy of the system will find it in energy level E, is
P =|<y .| Y >F=C, F. Thisgivesthe physica meaning of the expansion
coefficient that we found earlier.

Finaly, here is an unpleasant but necessary complication. Postulate 4 needs
to be amended in the cases in which one or both of the wave functions can
not be normalized to 1. I'll show you how to do this for the two most
iImportant examples, a coordinate measurement and a momentum

measurement. The basicideaisthat inthiscase ky |y, 3* isnot the
probability, but is rather the probability density for the transition. To get the
probability, we must multiply <y |y, 3* by df, where df isdx in the case of
aposition measurement and is dp/2p# inthe case of a momentum
measurement. The factor of 2p# isrequired by our choice of normalization.
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The generalization to 3D replaces df to d*r for a position measurement and
d®p/(2p)’ for amomentum measurement.

Position measurement:

At agiven time, make a measurement of the position of the particle. If the
fina state corresponds to the particle being at position x=x,, then

Yy (0=y, (¥)=d(x- ). Then <y |y, >=¢l(x- X))y, (xt)dx=y  (x,t,). this
Isjust the original wave function! Its absolute square is the probability
density <y ( |y > =1y (%..t,) ’= P(x,, t,) . The probability that aposition
measurement finds the particle in the interval (x, x+dx) is obtained by
multiplying the probability density by dx.

Momentum measurement:

At a given time, make a measurement of the momentum of the particle. If
the final state corresponds to the particle having momentum p = p,, then

y () =€™". Then the scalar product is <y | Iy, >=¢cg ™"y ,(x.t,)dx=y"(p.t;)

which isthe Fourier transform of theinitial wave function. y (p.t,) isaso

known as the momentum-space wave function. The probability density for
the system being found with momentum p isthen |y (p.t,) . The probability

that the particle is found in the interva (p, p + dp) is obtained by multiplying
the probability density by %. Why isthat factor of 2p present? Integrate
over all p, and we should end up with 1. Check that it works:
OV (RO F= g g™y * (.0 ™Y (x
First integrate over p and recall that
lo X)’hﬂzd(x- X')

ph
Combining, we have

(‘)Z%IY(IM) = ¢px" oxd (x - Xy * (x"t)y (x.t) = ¢gxly (xt) =1

This verifiesthat the factor 2pz (whichisredly just h) isrequired to assure
that y"(pt) isthe correct momentum-space wave function.
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