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Lecture 10: Forms and Traditional Vector Calculus

1 Differential Forms

Forms are antisymmetric, covarient tensors. A p-form has p subscripted indicies, w;,i,...;, A zero form is
defined to be a scalar, w = f. A one form is the usual differential form we talked about before, such as the

differential of a scalar function, w = df.

To generate other forms, we need a wedge product with the following properties,

LLwAhv=—-rvAuw.
2. (aw+bp) ANv=awAv+buAv.

3. wAw=0.

Then two-forms can be any linear combination of wedge products of two one-forms. Similarly, p-forms are
linear combinations of wedge products of p one-forms. Note that an in an n-dimensional all p-forms with
p > n are necessarily zero. Also, all p-forms with p = n are linear combinations of each other (this p-form is
the n-dimensional volume element.

2 Turning forms into vectors in three dimensions

In three dimensional Euclidean space we have several structures that are useful for converting forms into
vectors. The metric converts one forms into vectors, and allows us to define an oriented, normalized basis

3-vector. The oriented, normalized basis is a skew-symmetric product of normalized basis vectors,

oIk = E €tmnerel ek (1)

Imn
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Figure 1: Sketch of a one-form and a two-form in two dimensions.
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Figure 2: An oriented basis, c7*.

Note that for (eq, es,e3) = (&, 7, £) the oriented, normalized basis has coordinates ok = ¢iik

In three dimensional euclidean space, you can contract with normalized, oriented vector basis set or the

euclidean metric to form vectors.

2.1 O-forms to scalars

An example of a 0-form is a potential energy field. This is trivial, since O-forms are already scalars.

2.2 1-forms to vectors
An example of a 1-form is a force. Contract with the metric to form a vector,
vt = Zgij’uj. (2)
ij
2.3 2-forms to vectors

An example of a two-form is a current density. Contract the with a normalized vector basis set to form a

vector.

Ji= ijaif’cjij. (3)

2.4 3-forms to scalars

An example of a 3-form is a charge density. Contract with a normalized vector basis set to form a scalar

representing density.
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3 Products of vectors
3.1 Dot product
(u-v) = Zuigijuj = Zuivj = Zuivj. 4)
ij i i

3.2 Cross product

(u x v)* = Zoijk(u A)ij. (5)

j

3.3 Triple product

(u-vxw)= Z(ﬂjk’uivﬂu;C (6)

ijk

4 Differential operators

The usual vector differential operators can be written in terms of the exterior derivative. The results are

forms, which can than be transformed into scalars or vectors.

4.1 Gradient

4.2 Divergence

(V . U)z]k = duij

4.3 Curl

(V X U)ij = duz



